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A NON-INTEGRATED HYPERSURFACE DEFECT RELATION FOR MEROMORPHIC MAPS
OVER COMPLETE KA¨HLER MANIFOLDS INTO PROJECTIVE ALGEBRAIC VARIETIES
WEI CHEN† AND QI HAN‡
Abstract. In this paper, a non-integrated defect relation for meromorphic maps from com-
plete Ka¨hler manifolds M into smooth projective algebraic varieties V intersecting hypersur-
faces located in k-subgeneral position (see (1.5) below) is proved. The novelty of this result
lies in that both the upper bound and the truncation level of our defect relation depend only
on k, dimC(V ) and the degrees of the hypersurfaces considered; besides, this defect relation
recovers Hirotaka Fujimoto [6, Theorem 1.1] when subjected to the same condition.
1. Introduction
Fujimoto [4, 5, 6, 8] introduced the innovative notion of non-integrated, or modified, defect for
meromorphic maps over a complex Ka¨hler manifold into the complex projective space. Recent
extensions and generalizations may be found in Ru and Sogome [17], as well as Tan and Truong
[19]. Below we will replicate the essential elements in this aspect from those references.
Denote M an m-dimensional Ka¨hler manifold with Ka¨hler form ω =
√−1
2
∑
i,j hij¯ dzi ∧ dz¯j .
Write Ricω = ddc log
(
det(hij¯)
)
with d = ∂ + ∂¯ and dc =
√−1
4π (∂¯ − ∂). Let f :M → P
n(C) be
a meromorphic map, and let D be a hypersurface in Pn(C) of degree d with f(M) * D. Take
ν
f
D to be the intersection divisor generated through f and D, and take µ0 > 0 to be an integer.
Denote A (D,µ0) the family of constants η ≥ 0 such that there exists a bounded, nonnegative,
continuous function h on M , with zeros of order no less than min
{
ν
f
D, µ0
}
, satisfying
d ηΩf + dd
c log h2 ≥
[
min
{
ν
f
D, µ0
}]
. (1.1)
Here, Ωf denotes the pull-back of the normalized Fubini-Study metric form on Pn(C), and [ν]
denotes the (1, 1)-current associated with the divisor ν ≥ 0.
Note condition (1.1) says that for each nonzero holomorphic function ψ on an open set U of
M with ν0ψ = min
{
ν
f
D, µ0
}
outside an analytic subset of codimension at least 2, the function
v := log
(
h2‖f‖2dη
|ψ|2
)
is continuous and pluri-subharmonic, where ‖f‖2 =
∑n
ı=0 |fı|
2 for a (local)
reduced representation f = (f0, f1, . . . , fn) : M → Cn+1 of f = [f0 : f1 : · · · : fn].
The non-integrated defect of f regarding D, truncated at level µ0, is defined as
δfµ0(D) = 1− inf {η ≥ 0 : η ∈ A (D,µ0)} . (1.2)
Then, like Nevanlinna’s or Stoll’s classical defects, 0 ≤ δfµ0+1(D) ≤ δ
f
µ0(D) ≤ 1, δ
f
µ0(D) = 1 if
f(M) ∩D = ∅, and δfµ0(D) ≥ 1−
µ0
µ for any integer µ ≥ µ0 if
[
ν
f
D − µ
]
≥ 0 on f−1(D).
Further, we say f :M → Pn(C) satisfies the “condition C(ρ)” provided for some constant
ρ ≥ 0, there is a bounded, nonnegative, continuous function h on M such that
ρΩf + dd
c log h2 ≥ Ricω. (1.3)
Now, the original result of Fujimoto [6, Theorem 1.1] can be stated as follows.
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2Theorem 1.1. Assume M is an m-dimensional complete Ka¨hler manifold such that the uni-
versal covering of M is biholomorphically isomorphic to a ball in Cm. Let f : M → Pn(C) be
a linearly non-degenerate meromorphic map such that the condition C(ρ) is satisfied, and let
H1, H2, . . . , Hq be q (≥ n+ 1) hyperplanes in Pn(C) that are located in general position. Then,
one has the following defect relation
q∑
j=1
δfn(Hj) ≤ n+ 1 + ρ n (n+ 1) . (1.4)
Ru and Sogome [17] (see also Yan [20]), and Tan and Truong [19] generalized independently
the preceding Theorem 1.1 in the way that Pn(C) is replaced by a projective algebraic variety
V ⊆ PN(C) and hyperplanes in Pn(C) located in general position are extended to hypersurfaces
in PN (C) located in different types of k-subgeneral positions. One recalls that the k-subgeneral
position condition used in [19] comes from Dethloff, Tan and Thai [3, Definition 1.1].
It is noteworthy that both the upper bounds and the truncation levels of the defect relations
obtained in [17, Theorem 1.1], [19, Definition 1.1 and Theorem 1.2] and [20, Definition 1.2 and
Theorem 1.1] depend on a given constant ǫ > 0, and both blow up to +∞ as ǫ→ 0. Also, it’s
not clear to us if those results can recover Theorem 1.1 under the same assumptions.
In the sequel, assume that V ⊆ PN (C) is a smooth projective algebraic variety of dimension
n (≤ N). q (> k) hypersurfaces D1, D2, . . . , Dq in PN (C) are said to be located in k-subgeneral
position (k ≥ n) with respect to V provided for every 1 ≤ j0 < j1 < · · · < jk ≤ q,(
k⋂
s=0
supp (Djs)
)
∩ V = ∅1. (1.5)
Here, supp (D) is the support of the divisor D. One says D1, D2, . . . , Dq are in general position
with respect to V , if they are located in n-subgeneral position with respect to V .
The purpose of this paper is by combining the techniques used in [19] and [20] to describe a
hypersurface defect relation, with definite truncation level and explicit upper bound, that will
be exactly Fujimoto’s original Theorem 1.1 when d = 1, k = n = N and V = Pn(C).
Fix an integer d ≥ 1. Write Hd the vector space of homogeneous polynomials of degree d in
C [w0, w1, . . . , wN ] and IV the prime ideal in C [w0, w1, . . . , wN ] defining V . Denote
HV (d) := dimC
(
Hd
Hd ∩ IV
)
to be the Hilbert function of V . HV (d) = n+ 1 when d = 1, n = N and V = Pn(C).
Finally, we can formulate our main theorem of this paper as the following result.
Theorem 1.2. Suppose M is an m-dimensional complete Ka¨hler manifold such that the uni-
versal covering of M is biholomorphically isomorphic to a ball in Cm, and assume V ⊆ PN(C)
is an irreducible projective algebraic variety of dimension n (≤ N). Let f :M → V be an alge-
braically non-degenerate meromorphic map such that the condition C(ρ) is satisfied, and let
D1, D2, . . . , Dq be q (≥ k + 1) hypersurfaces in PN (C) that are located in k-subgeneral position
(k ≥ n) in regard to V having degrees d1, d2, . . . , dq respectively. Denote by d the least common
multiple of d1, d2, . . . , dq. Then, one has the following defect relation
q∑
j=1
δ
f
HV (d)−1(Dj) ≤
2k − n+ 1
n+ 1
{
HV (d) +
ρ
d
HV (d) (HV (d)− 1)
}
. (1.6)
It is worthwhile to mention when d = 1, k = n = N and V = Pn(C), Theorem 1.2 recovers
exactly Fujimoto’s initial work. As HV (d) ≤
(
d+N
N
)
, the truncation level in Theorem 1.2
is smaller than that in [19, Theorem 1.2] and also better than those in [17, 20], yet the upper
bound in (1.6) might be larger than those in [17, 19, 20] (depending on their ǫ).
1As far as we can check, this condition (1.5) appeared first in Chen, Ru and Yan [2].
32. Preliminaries
In this auxiliary section, we describe some basic notations and necessary results that are used
afterwards throughout this paper.
Denote ‖z‖2 =
∑m
=1 |z|
2 for z = (z1, z2, . . . , zm) ∈ Cm. Write B(r) = {z ∈ Cm : ‖z‖ < r}
and S(r) = {z ∈ Cm : ‖z‖ = r} for r ∈ (0,∞), and B(∞) = Cm. Define
υ =
(
ddc ‖z‖2
)
for  = 1, 2, . . . ,m on Cm, and
σm = d
c log ‖z‖2 ∧
(
ddc log ‖z‖2
)m−1
on Cm \ {0} .
Suppose f : B(R0)→ Pn(C) is a meromorphic map with 0 < R0 ≤ ∞. Choose holomorphic
functions f0, f1, . . . , fn with f = (f0, f1, . . . , fn) : B(R0) \ If → Cn+1 a reduced representation
of f . Notice the singularity set If := {z ∈ B(R0) : f0(z) = f1(z) = · · · = fn(z) = 0} of f is of
dimension at most m− 2. Fix this reduced representation f of f . Then, Ωf = ddc log ‖f‖
2
will
be the pull-back of the normalized Fubini-Study metric form on Pn(C) through f .
Given r0 ∈ (0, R0), the characteristic function of f for r ∈ (r0, R0) is defined as
Tf (r, r0) =
∫ r
r0
dt
t2m−1
∫
B(t)
Ωf ∧ υm−1, (2.1)
which can also be written as
Tf(r, r0) =
∫
S(r)
log ‖f‖ σm −
∫
S(r0)
log ‖f‖ σm. (2.2)
For a holomorphic function ψ on an open subset U of Cm and α = (α1, α2, . . . , αm) ∈ Zm≥0,
an m-tuple of nonnegative integers, set |α| :=
∑m
=1 α and D
αψ := Dα11 D
α2
2 · · ·D
αm
m ψ where
Dψ =
∂ψ
∂z
for  = 1, 2, . . . ,m. Define ν0ψ : U → Z≥0 by ν
0
ψ(z) := max {κ : D
αψ(z) = 0} for all
possible α ∈ Zm≥0 with |α| < κ, and write supp (ν
0
ψ) :=
{
z ∈ U : ν0ψ(z) > 0
}
.
For a meromorphic function ϕ on U , there exist two coprime holomorphic functions ψ1, ψ2
on U with ϕ = ψ1ψ2 such that ν
∞
ϕ := ν
0
ψ2
and supp (ν∞ϕ ) := supp (ν
0
ψ2
).
Take µ0 > 0 an integer or ∞. For a meromorphic map f : B(R0) → Pn(C) with a reduced
representation f, and a hypersurface D in Pn(C) of degree d with Q its defining homogeneous
polynomial, let νfD := ν
0
Q(f) be the intersection divisor associated with f and D on B(R0) \ If .
The valence function of f regarding D, with truncation level µ0, is defined to be
N
µ0
f (r, r0;D) =
∫ r
r0
n
µ0
f (t;D)
t
dt, (2.3)
where
n
µ0
f (t;D) :=

1
t2m−2
∫
supp (νf
D
)∩B(t)min
{
ν
f
D, µ0
}
υm−1 when m ≥ 2,
∑
‖z‖<tmin
{
ν
f
D(z), µ0
}
when m = 1.
The first main theorem says Nµ0f (r, r0;D) ≤ dTf(r, r0) +O (1) (see [9, 10]). Let δˆ
f
µ0(D) be
Nevanlinna’s defect or its high dimensional extension by Stoll, that is defined by
δˆfµ0(D) = 1− lim sup
r→R0
N
µ0
f (r, r0;D)
dTf(r, r0)
.
When lim
r→R0
Tf (r, r0) =∞, then [6, Proposition 5.6] or [17, Proposition 2.1] yields
0 ≤ δfµ0(D) ≤ δˆ
f
µ0(D) ≤ 1. (2.4)
Below, we recall two results of An, Quang and Thai [1, 16]. The first one is an extension to
hypersurfaces of the celebrated Nochka weights [13, 14] concerning hyperplanes.
4Proposition 2.1. ([1, Lemma 3.3] or [16, Lemma 9]) Assume that V ⊆ PN (C) is an irreducible
projective algebraic variety of dimension n (n ≤ N). Let D1, D2, . . . , Dq be q > 2k−n+1 (k ≥ n)
hypersurfaces in PN (C) of common degree d that are located in k-subgeneral position with respect
to V . Then, there exist q rational numbers 0 < ω1, ω2, . . . , ωq ≤ 1 such that
(a.) for ̟ := max
j∈{1,2,...,q}
{ωj}, one has
ωj ≤ ̟ =
∑q
j=1 ωj − n− 1
q − 2k + n− 1
and
n+ 1
2k − n+ 1
≤ ̟ ≤
n
k
2; (2.5)
(b.) for each subset R of {1, 2, . . . , q} with #R = k + 1, one has
∑
j∈R ωj ≤ n+ 1;
(c.) for q arbitrarily given constants E1, E2, . . . , Eq ≥ 1 and each set R as in (b.), there exists
a subset T of R with #T = rank {Qj}j∈T = n+ 1 satisfying∏
j∈R
E
ωj
j ≤
∏
j∈T
Ej , (2.6)
where Qj is the defining homogeneous polynomial of Dj in PN (C) for j = 1, 2, . . . , q.
Lemma 2.2. ([1, Lemma 4.2] or [16, Lemma 11]) Under the same assumptions of Proposition
2.1, for each subset T ⊆ {1, 2, . . . , q} with #T = rank {Qj}j∈T = n+1, there are HV (d)−n−1
hypersurfaces D∗1 , D
∗
2 , . . . , D
∗
HV (d)−n−1 in P
N (C) such that
rank
{
{Qj}j∈T ∪ {Q
∗
i }
HV (d)−n−1
i=1
}
= HV (d).
Here, Qj and Q
∗
i are the homogeneous polynomials defining Dj and D
∗
i , respectively.
3. Proof of Theorem 1.2
First, it’s interesting to notice the following consequence of our Theorem 1.2.
Theorem 3.1. Suppose M is an m-dimensional complete Ka¨hler manifold such that the uni-
versal covering of M is biholomorphically isomorphic to a ball in Cm, and H1, H2, . . . , Hq are q
hyperplanes in PN(C) located in general position. Let f :M → PN (C) be a meromorphic map,
whose image spans a linear subspace with dimension n not contained in any of H1, H2, . . . , Hq,
such that the condition C(ρ) is satisfied. Then, one has the following defect relation
q∑
j=1
δfn(Hj) ≤ 2N − n+ 1 + ρ n (2N − n+ 1) . (3.1)
This is a Cartan-Nochka type result. For the classical defect relation, the associated second
main theorem was originally suggested by Cartan and proved by Nochka; for that with trunca-
tion, the associated second main theorem was initially proved by Fujimoto [8, Theorem 3.2.12]
and refined by Noguchi [15, Theorem 3.1] with a better estimate about error terms.
For each j = 1, 2, . . . , q, set Qj to be the homogeneous polynomial of degree dj defining Dj
in PN(C); replacing Qj by Q
d/dj
j when necessary, we may assume Q1, Q2, . . . , Qq ∈ Hd, where
from now on we use d to represent the least common multiple of d1, d2, . . . , dq.
Now, we will proceed to prove Theorem 1.2 by considering two situations
lim sup
r→R0
Tf(r, r0)
log 1R0−r
<∞ and lim sup
r→R0
Tf(r, r0)
log 1R0−r
=∞ (3.2)
when the universal covering of M is biholomorphic to a finite ball B(R0) in Cm.
Let π : M˜ →M be the universal covering of M . Then, f ◦π : M˜ → V is again algebraically
non-degenerate since f :M → V is algebraically non-degenerate; also, one has δfHV (d)−1(Dj) ≤
δ
f◦π
HV (d)−1(Dj). Hence, by lifting f to the covering, we fix M = B(1) subsequently.
2Note this upper bound in the second estimate of (2.5) was discovered by Toda [15].
5Consider first the former case in (3.2) that is more important.
Assume f = (f0, f1, . . . , fN) and Qj =
∑
β∈Id ajβw
β , where Id is the set of (N + 1)-tuples
β = (β0, β1, . . . , βN) ∈ Z
N+1
≥0 with |β| :=
∑N
ı=0 βı = d and w
β := wβ00 w
β1
1 · · ·w
βN
N . For every
j = 1, 2, . . . , q, notice |Qj(f)| =
∣∣∣∑β∈Id ajβfβ∣∣∣ ≤ (∑β∈Id ̺β |ajβ |) ‖f‖d so that
|Qj(f)| ≤ ̺ ‖f‖
d
with ̺ :=
q∑
j=1
∑
β∈Id
̺β |ajβ | > 0. (3.3)
Fix a basis
{
φ1, φ2, . . . , φHV (d)
}
⊆ Hd of
Hd
Hd∩IV . Because f is algebraically non-degenerate,
F :=
[
φ1(f) : φ2(f) : · · · : φHV (d)(f)
]
: M → PHV (d)−1(C) is linearly non-degenerate. In view of
[6, Proposition 4.5], there exist HV (d) m-tuples α
l =
(
αl1, α
l
2, . . . , α
l
m
)
∈ Zm≥0 with
∣∣αl∣∣ = m∑
=1
αl < l and
HV (d)∑
l=1
∣∣αl∣∣ ≤ HV (d) (HV (d)− 1)
2
, (3.4)
such that the Wronskian Wα1···αHV (d)(F ) of F is not identically zero on M , where
Wα1···αHV (d)(F ) := det
(
Dα
l
φℓ(f)
)
1≤l,ℓ≤HV (d)
. (3.5)
For any subset T ⊆ {1, 2, . . . , q} with #T = rank {Qj}j∈T = n+1, use the hypersurfaces in
Lemma 2.2 to define FT :=
[
{Qj(f)}j∈T : Q
∗
1(f) : · · · : Q
∗
HV (d)−n−1(f)
]
(by abuse of notations).
Then, there is a constant CT 6= 0 such that Wα1···αHV (d)(FT ) = CT Wα1···αHV (d)(F ).
Fix w ∈ V ∩f(M). Abusing the notation, w = cw for some w ∈ CN+1 \{0} and all complex
numbers c 6= 0. Select a subset R of {1, 2, . . . , q} with #R = k+1 such that |Qj(w)| ≤ |Qs(w)|
when j ∈ R and s ∈ {1, 2, . . . , q}\R; seeing the k-subgeneral position hypothesis (1.5) and the
continuity of |Qs(w)|
2
(|w0|2+|w1|2+···+|wN |2)d
, there exists a constant γY > 0 such that
γY ‖f(z)‖
d ≤ min
s∈{1,2,...,q}\R
|Qs(f)(z)| (3.6)
for all z ∈ f−1(Y ) \ If , where Y is an appropriate open neighborhood of w in V .
Take such a z and set Ej :=
̺‖f(z)‖d
|Qj(f)(z)| ≥ 1 for j ∈ R; then, Proposition 2.1 - Parts (b.)&(c.)
yields a subset T of R with #T = n+1 such that the estimate (2.6) holds. Noting (3.3), (3.6)
and the estimate concerning these Ej for R, T , one observes that
‖f(z)‖d
∑q
j=1 ωj |Wα1···αHV (d)(F )(z)|
|Q1(f)(z)|
ω1 · · · |Qq(f)(z)|
ωq ≤
∏
j∈R
(
̺ ‖f(z)‖d
|Qj(f)(z)|
)ωj
|Wα1···αHV (d)(F )(z)|
̺
∑
j∈R ωjγ
∑
s∈{1,2,...,q}\R ωs
Y
≤K
‖f(z)‖d(n+1) |Wα1···αHV (d)(F )(z)|∏
j∈T |Qj(f)(z)|
≤ K
‖f(z)‖dHV (d) |Wα1···αHV (d)(FT )(z)|∏
j∈T |Qj(f)(z)|
∏HV (d)−n−1
i=1 |Q
∗
i (f)(z)|
.
Here, and hereafter, K > 0 represents an absolute constant whose value may change from line
to line but (in general) can be interpreted appropriately within the context.
For simplicity, put ϕ :=
W
α1···αHV (d)
(F )
Q
ω1
1 (f)···Q
ωq
q (f)
and ℵ(FT ) :=
W
α1···αHV (d)
(FT )
∏
j∈T Qj(f)
∏HV (d)−n−1
i=1 Q
∗
i (f)
. Consider-
ing the compactness of V , we have
‖f(z)‖d{
∑q
j=1 ωj−HV (d)} |ϕ(z)| ≤ K
∑
R,T
|ℵ(FT )(z)| ∀ z ∈M \ If . (3.7)
Here, the summation is taken over all the subsets T ⊆ R ⊆ {1, 2, . . . , q} with #R = k+1 and
#T = n+ 1. Since q, k, n are all finite, there can only be finitely many possibilities.
6On the other hand, one may observe that
ν∞ϕ ≤
q∑
j=1
ωj min
{
ν
f
Dj
, HV (d)− 1
}
(3.8)
outside an analytic subset of codimension at least 2. As a matter of fact, when ζ ∈M \ If is a
zero of some Qj(f), it can be a zero of no more than k+1 functions Qj(f) by (1.5). Assume Qj(f)
vanishes at ζ for j ∈ R˜ ⊆ {1, 2, . . . , q} with #R˜ = k+1 yet Qs(f)(ζ) 6= 0 for s ∈ {1, 2, . . . , q}\R˜.
By virtue of Proposition 2.1 - Part (c.), putting E˜j := exp
(
max
{
ν
f
Dj
(ζ)−HV (d) + 1, 0
})
≥ 1
for j ∈ R˜, there exists a subset T˜ of R˜ with #T˜ = rank{Qj}j∈T˜ = n+ 1 such that∑
j∈R˜
ωj max
{
ν
f
Dj
(ζ)−HV (d) + 1, 0
}
≤
∑
j∈T˜
max
{
ν
f
Dj
(ζ)−HV (d) + 1, 0
}
,
from which it follows that, in view of ν0W
α1···αHV (d)
(F ) = ν
0
W
α1···αHV (d)
(FT˜ )
,∑
j∈R˜
ωjmax
{
ν
f
Dj
(ζ) −HV (d) + 1, 0
}
≤ ν0W
α1···αHV (d)
(F )(ζ).
This estimate clearly leads to (3.8) upon verifying the following computations at ζ
ν∞ϕ ≤
q∑
j=1
ωjν
f
Dj
− ν0W
α1···αHV (d)
(F ) =
∑
j∈R˜
ωjν
f
Dj
− ν0W
α1···αHV (d)
(F )
=
∑
j∈R˜
ωj
(
min
{
ν
f
Dj
, HV (d)− 1
}
+max
{
ν
f
Dj
−HV (d) + 1, 0
})
− ν0W
α1···αHV (d)
(F )
≤
∑
j∈R˜
ωjmin
{
ν
f
Dj
, HV (d)− 1
}
≤
q∑
j=1
ωjmin
{
ν
f
Dj
, HV (d)− 1
}
.
Next, we suppose that
q∑
j=1
ωj δ
f
HV (d)−1(Dj) ≤ HV (d) +
ρ
d
HV (d) (HV (d)− 1) . (3.9)
When (3.9) is true, then by (1.2) and the first relation in (2.5), it yields that
q∑
j=1
ηj ωj ≥ ̟ (q − 2k + n− 1) + n+ 1−HV (d)−
ρ
d
HV (d) (HV (d) − 1)
for all nonnegative constants ηj ∈ A (Dj , HV (d)− 1); that is,
q∑
j=1
ηj ≥ q − 2k + n− 1 +
1
̟
{
n+ 1−HV (d)−
ρ
d
HV (d) (HV (d) − 1)
}
.
This further implies that
q∑
j=1
(1− ηj) ≤ 2k − n+ 1 +
1
̟
{
HV (d)− n− 1 +
ρ
d
HV (d) (HV (d) − 1)
}
,
which, along with the lower bound in the second estimate of (2.5), leads to (1.6).
In the sequel, we show by contradiction the validity of (3.9).
Suppose it doesn’t hold. Then, by definition of non-integrated defect, there are nonnegative
constants η˜j ∈ A (Dj, HV (d)− 1) and continuous, pluri-subharmonic functions u˜j 6≡ −∞, for
7every j = 1, 2, . . . , q, such that eu˜j |ψj | ≤ ‖f‖
dη˜j and
q∑
j=1
(1− η˜j)ωj > HV (d) +
ρ
d
HV (d) (HV (d) − 1) . (3.10)
Here, ψj is a nonzero holomorphic function that satisfies ν
0
ψj
= min
{
ν
f
Dj
, HV (d)− 1
}
. Define
uj := u˜j + log |ψj | 6≡ −∞ that is continuous and pluri-subharmonic, and satisfies euj ≤ ‖f‖
dη˜j .
So, for ϑ1(z) := log |zαϕ(z)|+
∑q
j=1 ωjuj(z) with α :=
∑HV (d)
l=1 α
l ∈ Zm≥0, seeing the preceding
analyses and (3.8), one clearly deduces that ϑ1 is pluri-subharmonic on M .
Note we assume the condition C(ρ) is satisfied; that is, (1.3) holds. By [6, p252, Remark],
there exists a continuous, pluri-subharmonic function ϑ2 6≡ −∞ such that e
ϑ2dV ≤ ‖f‖2ρ υm.
Here, and henceforth, we use dV to denote the canonical volume form on M .
Set t0 :=
2ρ
d{
∑q
j=1(1−η˜j)ωj−HV (d)}
> 0 and write θ := ϑ2+ t0ϑ1. Then, θ is pluri-subharmonic
and thus a subharmonic function on M = B(1). In addition, one has
eθdV = eϑ2+t0ϑ1dV ≤ et0ϑ1 ‖f‖2ρ υm = |z
αϕ|t0 et0
∑q
j=1 ωjuj ‖f‖2ρ υm
≤ |zαϕ|t0 ‖f‖t0d
∑q
j=1 ωj η˜j+2ρ υm = |z
αϕ|t0 ‖f‖t0d{
∑q
j=1 ωj−HV (d)} υm.
By (3.4) and (3.10), we easily get t0
(∑HV (d)
l=1
∣∣αl∣∣) < ς < 1 for some constant ς > 0. Therefore,
recalling υm = 2m ‖z‖
2m−1
σm ∧ d ‖z‖ and (3.7), we have∫
M
eθdV ≤
∫
M
|zα|t0
∣∣∣ϕ(z) ‖f(z)‖d{∑qj=1 ωj−HV (d)}∣∣∣t0 υm
≤K
∑
R,T
∫ 1
0
r2m−1
(∫
S(r)
|zαℵ(FT )(z)|
t0 σm
)
dr
≤K
∫ 1
0
r2m−1
(
R2m−1
R− r
TF (R, r0)
)ς
dr ≤ K
∫ 1
0
(
1
R− r
TF (R, r0)
)ς
dr
(3.11)
for r0 < r < R < 1, where we used [6, Proposition 6.1] (see also [17, Proposition 3.3]) for the
derivation of the third, or second last, estimate in (3.11).
Finally, seeing Hayman [11, Lemma 2.4 (ii)] and letting R = r + 1−reTF (r,r0) , one has
TF (R, r0) ≤ 2TF (r, r0) ≤ 2dTf(r, r0)
outside a set with finite logarithmic measure. Recall we assumed the case lim sup
r→1
Tf (r,r0)
log 11−r
<∞
in (3.2). The preceding analyses combined with [5, Proposition 5.5] yields that∫
M
eθdV ≤ K
∫ 1
0
(
2
1−r
eTF (r,r0)
TF (r, r0)
)ς
dr ≤ K
∫ 1
0
(
2d2e
1− r
T 2f (r, r0)
)ς
dr
≤K
∫ 1
0
1
(1− r)ς
(
log
1
1− r
)2ς
dr =
K
(1− ς)2ς+1
Γ(2ς + 1) <∞.
(3.12)
This result however would contradict Yau [21] and Karp [12, Theorem B], as M = B(1) has
infinite volume with respect to the given complete Ka¨hler metric; see [17, p1147].
From now on, we shall consider the latter case in (3.2) and the situation when the universal
covering of M is biholomorphic to Cm simultaneously, since both may be treated essentially in
the same way through traditional defect relation and (2.4). As can be seen from the following
discussions, we don’t need f to satisfy the growth condition C(ρ) in these settings.
Noting the description below (3.2), we without loss of generality assumeM = B(R0) for some
0 < R0 ≤ ∞ afterwards. Moreover, when R0 =∞, we can use the flat metric to see Ricω ≡ 0;
that is, all meromorphic maps f : Cm → V satisfy the condition C(0) automatically.
8Proposition 3.2. Under the same hypotheses of Theorem 1.2 concerning the algebraic variety
V in PN (C) and the hypersurfaces D1, D2, . . . , Dq in PN (C), let f : B(R0) (⊆ Cm)→ V be an
algebraically non-degenerate meromorphic map with 0 < R0 ≤ ∞. Then, one has{
q −
2k − n+ 1
n+ 1
HV (d)
}
Tf (r, r0) ≤
q∑
j=1
1
dj
N
HV (d)−1
f (r, r0;Dj) + Sf (r, r0), (3.13)
where Sf (r, r0) ≥ 0 satisfies Sf (r, r0) ≤ K
{
log+ Tf(r, r0) + log
+ r
}
for all r ∈ (r0,∞) outside
a set of finite linear measure when R0 =∞ and
Sf (r, r0) ≤ K log
+ Tf (r, r0) +
2k − n+ 1
2d (n+ 1)
HV (d) (HV (d) − 1) log
+ 1
R0 − r
(3.14)
for all r ∈ (r0, R0) outside a set of finite logarithmic measure when R0 <∞.
Proof. Like the first case in (3.2), by (3.4), (3.7) and the argument in (3.11), one has∫
S(r)
∣∣∣zαϕ(z) ‖f(z)‖d{∑qj=1 ωj−HV (d)}∣∣∣tˇ0 σm ≤ K (R2m−1
R− r
TF (R, r0)
)ςˇ
for r0 < r < R < R0, which further implies that, applying the concavity of logarithm,∫
S(r)
log |zα|σm +
∫
S(r)
log |ϕ|σm +
∫
S(r)
log ‖f‖d{
∑q
j=1 ωj−HV (d)} σm
≤
ςˇ
tˇ0
log+
1
R− r
+K
{
log+ TF (R, r0) + log
+R
}
.
(3.15)
Here, tˇ0, ςˇ > 0 are arbitrarily given constants satisfying tˇ0
(∑HV (d)
l=1
∣∣αl∣∣) < ςˇ < 1. Besides, use
Jensen’s formula and (3.8) to derive that∫
S(r)
log |zα × ϕ(z)|σm ≥ −
q∑
j=1
ωjN
HV (d)−1
f (r, r0;Dj) +O (1) ,
which combined with the first relation in (2.5) and (3.15) altogether leads to
{̟ (q − 2k + n− 1) + n+ 1−HV (d)}Tf (r, r0) ≤
q∑
j=1
ωj
d
N
HV (d)−1
f (r, r0;Dj)
+
HV (d) (HV (d)− 1)
2d
log+
1
R− r
+K
{
log+ TF (R, r0) + log
+R
}
when ςˇ
tˇ0
approaches HV (d)(HV (d)−1)2 from the above. Since dj ≤ d, ωj ≤ ̟ and
1
̟ ≤
2k−n+1
n+1 ,
(3.13) follows immediately from the above inequality with
Sf (r, r0) :=
1
2d̟
HV (d) (HV (d) − 1) log
+ 1
R − r
+K
{
log+ TF (R, r0) + log
+R
}
.
The remaining estimates about Sf (r, r0) appear to be exactly the same as those, for instance,
in [6, Proposition 6.2] or [17, Theorem 4.5] by virtue of [11, Lemma 2.4]. 
A natural consequence of Proposition 3.2 is the standard defect relation
q∑
j=1
δˆ
f
HV (d)−1(Dj) ≤
2k − n+ 1
n+ 1
HV (d), (3.16)
provided either R0 =∞ and f is transcendental
3, or R0 <∞ and lim sup
r→R0
Tf (r,r0)
log 1
R0−r
=∞. Thus,
(1.6) follows from (2.4) and (3.16) so that our proof is finished completely.
3Notice when f is rational, then one can choose Sf (r, r0) = O (1) to have (3.16).
94. Some Related Uniqueness Results
In 1986, Fujimoto [7] generalized the well-known five-value theorem of Nevanlinna to the sit-
uation of meromorphic maps over a complete, connected Ka¨hler manifold M , whose universal
covering is biholomorphic to a finite ball in Cm, into Pn(C) that satisfy the growth condition
C(ρ) and share hyperplanes; other closely related results can be found in [18, 20].
In this last section, under the same setting as this result of Fujimoto, we use the techniques
in the proof of Theorem 1.2 to describe two uniqueness results regarding hypersurfaces located
in k-subgeneral position, following essentially the approach applied in [7, 18, 20].
Considering the comments made in [7, Section 5], we will without loss of generality suppose
that either M = B(1) ⊆ Cm (finite ball covering of M) or M = Cm subsequently.
In fact, when f, g :M → V are the given meromorphic maps, then f ◦ π, g ◦ π : M˜ → V will
satisfy all the hypotheses as meromorphic maps over the lifted, complete universal covering M˜
of M . Since f ◦ π ≡ g ◦ π on M˜ implies f ≡ g on M , we simply assume M = M˜ .
Theorem 4.1. Assume V ⊆ PN(C) is an irreducible projective algebraic variety of dimension
n (≤ N). Let f, g : B(1) (⊆ Cm)→ V be two algebraically non-degenerate meromorphic maps,
both satisfying the condition C(ρ). Let D1, D2, . . . , Dq be q hypersurfaces in PN(C) of degrees
d1, d2, . . . , dq, located in k-subgeneral position (k ≥ n) with respect to V . Suppose further that
lim sup
r→1
Tf (r,r0)+Tg(r,r0)
log 11−r
<∞ and f, g satisfy the following conditions
(1.) f−1(Dj) = g−1(Dj) for j = 1, 2, . . . , q,
(2.) f = g on
q⋃
j=1
f−1(Dj),
(3.) f−1(Dj ∩Dj′) has dimension at most m− 2 for 1 ≤ j 6= j′ ≤ q.
Then, one has f ≡ g provided, for the least common multiple d of d1, d2, . . . , dq,
q >
2k − n+ 1
n+ 1
{
HV (d) +
ρ
d
HV (d) (HV (d)− 1)
}
+
2
d
(HV (d)− 1) . (4.1)
Proof. Assume f = [f0 : f1 : · · · : fN ] and g = [g0 : g1 : · · · : gN ], with reduced representations
f = (f0, f1, . . . , fN ) and g = (g0, g1, . . . , gN). Suppose in the following f 6≡ g. Then, there exist
at least two distinct indices 0 ≤ ı 6= ı˘ ≤ N such that the holomorphic function χ := fıgı˘− fı˘gı
is not identically zero and satisfies |χ| ≤ 2 ‖f‖ ‖g‖ on M = B(1).
Employ the previous notations to have F as before and G :=
[
φ1(g) : φ2(g) : · · · : φHV (d)(g)
]
,
both being linearly non-degenerate maps to PHV (d)−1(C). Thus, one finds two sets ofHV (d)m-
tuples αl, α˜l ∈ Zm≥0 with (3.4) satisfied for each one, andWα1···αHV (d)(F )×Wα˜1···α˜HV (d)(G) 6≡ 0
withWα˜1···α˜HV (d)(G) := det
(
Dα˜
l
φℓ(g)
)
1≤l,ℓ≤HV (d)
. Besides, for every subset T ⊆ {1, 2, . . . , q}
with #T = rank{Qj}j∈T = n+1, use the hypersurfaces in Lemma 2.2 to define GT similarly,
and there is a constant C˜T 6= 0 such that Wα˜1···α˜HV (d)(GT ) = C˜T Wα˜1···α˜HV (d)(G). Recall ϕ =
W
α1···αHV (d)
(F )
Q
ω1
1 (f)···Q
ωq
q (f)
and ℵ(FT ) =
W
α1···αHV (d)
(FT )
∏
j∈T Qj(f)
∏HV (d)−n−1
i=1 Q
∗
i (f)
. Analogously, set ϕ˜ :=
W
α˜1···α˜HV (d)
(G)
Q
ω1
1 (g)···Q
ωq
q (g)
and ℵ˜(GT ) :=
W
α˜1···α˜HV (d)
(GT )
∏
j∈T Qj(g)
∏HV (d)−n−1
i=1 Q
∗
i (g)
. Then, one has (3.7) and
‖g(z)‖d{
∑q
j=1 ωj−HV (d)} |ϕ˜(z)| ≤ K
∑
R,T
∣∣∣ℵ˜(GT )(z)∣∣∣ ∀ z ∈M \ Ig. (4.2)
Now, it is routine to see our condition (4.1) and (2.5) imply that
q∑
j=1
ωj > HV (d) +
2̟
d
(HV (d)− 1) +
ρ
d
HV (d) (HV (d)− 1) . (4.3)
10
From our hypotheses, we know χ(z) = 0 for all z ∈
q⋃
j=1
f−1(Dj). As ωj ≤ ̟, we can infer
that ν∞ϕ , ν
∞
ϕ˜ ≤ ̟ (HV (d)− 1) ν
0
χ and thus ϕχ
̟(HV (d)−1), ϕ˜χ̟(HV (d)−1) are both holomorphic
functions on B(1). Recall the Ka¨hler form ω =
√−1
2
∑
i,j hij¯ dzi∧dz¯j on B(1). By assumption,
there exist two continuous, pluri-subharmonic functions τ1, τ2 6≡ −∞ such that
eτ1
√
det(hij¯) ≤ ‖f‖
ρ
and eτ2
√
det(hij¯) ≤ ‖g‖
ρ
.
Take τ := log
∣∣zα+α˜ϕϕ˜χ2̟(HV (d)−1)∣∣tˆ0 for tˆ0 := ρd{∑qj=1 ωj−HV (d)}−2̟(HV (d)−1) > 0 with α =∑HV (d)
l=1 α
l, α˜ :=
∑HV (d)
l=1 α˜
l ∈ Zm≥0. Then, τ is pluri-subharmonic and one has
det(hij¯) e
τ+τ1+τ2 ≤ |zαϕ|tˆ0
∣∣zα˜ϕ˜∣∣tˆ0 |χ|2tˆ0̟(HV (d)−1) ‖f‖ρ ‖g‖ρ
≤K |zαϕ|tˆ0 ‖f‖ρ+2tˆ0̟(HV (d)−1)
∣∣zα˜ϕ˜∣∣tˆ0 ‖g‖ρ+2tˆ0̟(HV (d)−1)
=K |zαϕ|tˆ0 ‖f‖dtˆ0{
∑q
j=1 ωj−HV (d)} ∣∣zα˜ϕ˜∣∣tˆ0 ‖g‖dtˆ0{∑qj=1 ωj−HV (d)} .
Via (4.3), we get tˆ0HV (d) (HV (d) − 1) < ςˆ < 1 for some constant ςˆ > 0. So, seeing dV =
cm det(hij) υm for an absolute constant cm > 0, (3.4), (3.7) and (4.2), we have∫
M
eτ+τ1+τ2dV ≤K
(∫
M
|zα|2tˆ0
∣∣∣ϕ(z) ‖f(z)‖d{∑qj=1 ωj−HV (d)}∣∣∣2tˆ0 υm) 12
×
(∫
M
∣∣zα˜∣∣2tˆ0 ∣∣∣ϕ˜(z) ‖g(z)‖d{∑qj=1 ωj−HV (d)}∣∣∣2tˆ0 υm) 12
≤K
∑R,T
∫ 1
0
r2m−1
(∫
S(r)
|zαℵ(FT )(z)|
2tˆ0 σm
)
dr

1
2
×
∑R,T
∫ 1
0
r2m−1
(∫
S(r)
∣∣∣zα˜ℵ˜(GT )(z)∣∣∣2tˆ0 σm
)
dr

1
2
≤K
∫ 1
0
1
(1− r)ςˆ
(
log
1
1− r
)2ςˆ
dr =
K
(1− ςˆ)2ςˆ+1
Γ(2ςˆ + 1) <∞
(4.4)
by Ho¨lder’s inequality, where a parallel argument concerning (3.11) and (3.12) is used to derive
(4.4). This contradicts the results of Yau [21] and Karp [12], and thus f ≡ g. 
Finally, we describe a uniqueness result when the growth condition C(ρ) is dropped. Since
it follows directly from the discussions in [7, Section 4] (see also [18, Section 3] or [20, Theorem
4.2]) and our Proposition 3.2 (in particular (3.14)), we only outline its proof.
Proposition 4.2. Under the same hypotheses of Theorem 4.1 concerning the algebraic variety
V in PN (C) and the hypersurfaces D1, D2, . . . , Dq in PN (C), suppose f, g : B(R0) (⊆ Cm)→ V
are algebraically non-degenerate meromorphic maps satisfying the conditions (1.)-(3.). Fix d
the least common multiple of d1, d2, . . . , dq. Then, one has f ≡ g provided either
q >
2k − n+ 1
n+ 1
HV (d) +
2
d
(HV (d)− 1) (4.5)
when R0 =∞ or
q >
2k − n+ 1
n+ 1
{
HV (d) +
λ
d
HV (d) (HV (d)− 1)
}
+
2
d
(HV (d)− 1) (4.6)
when R0 = 1 with λ := lim inf
r→1
log 11−r
Tf (r,r0)+Tg(r,r0)
outside a set of finite logarithmic measure.
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Proof. From the derivation of (3.13) and the facts that χ = 0 on
q⋃
j=1
f−1(Dj) and Tχ(r, r0) ≤
Tf (r, r0) + Tg(r, r0), one has for the valence function N
(
r, r0;
1
χ
)
of zeros of χ{
q −
2k − n+ 1
n+ 1
HV (d)
}
{Tf(r, r0) + Tg(r, r0)}
≤
2
d
(HV (d)− 1)N
(
r, r0;
1
χ
)
+ Sf (r, r0) + Sg(r, r0)
when we suppose f 6≡ g; that is, considering the first main theorem,
q ≤
2k − n+ 1
n+ 1
HV (d) +
2
d
(HV (d)− 1) + lim inf
r→R0
Sf (r, r0) + Sg(r, r0)
Tf (r, r0) + Tg(r, r0)
.
If R0 =∞, a contradiction against (4.5) follows
4; on the other hand, if R0 = 1, (3.14) yields a
contradiction against (4.6) as lim inf
r→1
Sf (r,r0)+Sg(r,r0)
Tf (r,r0)+Tg(r,r0)
≤ λ(2k−n+1)d(n+1) HV (d) (HV (d)− 1). 
References
1. D.P. An, S.D. Quang and D.D. Thai. The second main theorem for meromorphic mappings into a complex
projective space. Acta Math. Vietnam. 38 (2013), 187-205.
2. Z. Chen, M. Ru and Q. Yan. The degenerated second main theorem and Schmidt’s subspace theorem. Sci.
China Math. 55 (2012), 1367-1380.
3. G. Dethloff, T.V. Tan and D.D. Thai. An extension of the Cartan-Nochka second main theorem for hyper-
surfaces. Internat. J. Math. 22 (2011), 863-885.
4. H. Fujimoto. On the Gauss map of a complete minimal surface in Rm. J. Math. Soc. Japan 35 (1983),
279-288.
5. H. Fujimoto. Value distribution of the Gauss maps of complete minimal surfaces in Rm. J. Math. Soc.
Japan 35 (1983), 663-681.
6. H. Fujimoto. Nonintegrated defect relation for meromorphic maps of complete Ka¨hler manifolds into
PN1 (C)× · · · × PNk (C). Japan. J. Math. (N.S.) 11 (1985), 233-264.
7. H. Fujimoto. A unicity theorem for meromorphic maps of a complete Ka¨hler manifold into PN (C). Tohoku
Math. J. 38 (1986), 327-341.
8. H. Fujimoto. Value distribution theory of the Gauss map of minimal surfaces in Rm. Friedr. Vieweg & Sohn,
Braunschweig (1993).
9. Q. Han. A defect relation for meromorphic maps on generalized p-parabolic manifolds intersecting hyper-
surfaces in complex projective algebraic varieties. Proc. Edinburgh Math. Soc. (2) 56 (2013), 551-574.
10. Q. Han. A hypersurface defect relation for a family of meromorphic maps on a generalized p-parabolic
manifold. Colloq. Math. 139 (2015), 95-110.
11. W.K. Hayman. Meromorphic functions. Clarendon Press, Oxford (1964).
12. L. Karp. Subharmonic functions on real and complex manifolds. Math. Z. 179 (1982), 535-554.
13. E.I. Nochka. On the theory of meromorphic curves. Soviet Math. Dokl. 27 (1983), 377-381.
14. E.I. Nochka. A lemma on weights. Math. Notes 78 (2005), 105-113.
15. J. Noguchi. A note on entire pseudo-holomorphic curves and the proof of Cartan-Nochka’s theorem. Kodai
Math. J. 28 (2005), 336-346.
16. S.D. Quang and D.P. An. Second main theorem and unicity of meromorphic mappings for hypersurfaces in
projective varieties. Preprint. https://arxiv.org/pdf/1412.1195v3.pdf
17. M. Ru and S. Sogome. Non-integrated defect relation for meromorphic maps of complete Ka¨hler manifolds
into Pn(C) intersecting hypersurfaces. Trans. Amer. Math. Soc. 364 (2012), 1145-1162.
18. M. Ru and S. Sogome. A unicity theorem for meromorphic maps of a complete Ka¨hler manifold into Pn(C)
sharing hypersurfaces. Proc. Amer. Math. Soc. 141 (2013), 4229-4239.
19. T.V. Tan and V.V. Truong. A non-integrated defect relation for meromorphic maps of complete Ka¨hler
manifolds into a projective variety intersecting hypersurfaces. Bull. Sci. Math. 136 (2012), 111-126.
20. Q. Yan. A non-integrated defect relation and the uniqueness theorem for meromorphic maps of a complete
Ka¨hler manifold into Pn(C). J. Math. Anal. Appl. 398 (2013), 567-581.
21. S.T. Yau. Some function-theoretic properties of complete Riemannian manifold and their applications to
geometry. Indiana Univ. Math. J. 25 (1976), 659-670 & 31 (1982), 607.
4Recall when f, g are rational, then Sf (r, r0) = Sg(r, r0) = O (1).
12
† Department of Mathematics, Shandong University, Jinan, Shandong 250100, P.R. China
‡ Department of Mathematics, Texas A&M University at San Antonio, San Antonio, Texas 78224, USA
Email: weichensdu@126.com (W. Chen) and qhan@tamusa.edu (Q. Han)
